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We describe results obtained from a new implementation of Hockney’s Particle-Particle 
Particle-Mesh (PPPM) method for evaluation of Coulomb energies and forces in simulations of 
charged particles. Rather than taking the usual approach, solving Poisson’s equation by means 
of a Fourier transformation, we use an iterative Poisson solver. In a molecular dynamics (MD) 
simulation the solution from the previous time-step provides a good starting point for the next 
solution. This reduces the number of iterations per time-step to acceptable values. The iterative 
scheme has a complexity U(N),  and, in contrast with the Fourier transform based approach, it 
is easily implemented on a parallel architecture with a minimum of communication overhead. 

We examine the origin of the errors in the algorithm and find that reasonable accuracies in 
the Coulomb interaction can best be attained by making the charge density profile as smooth as 
possible. This involves spreading the particle charges over a large number of grid points. 
Assigning these charges then becomes the most time consuming part of the algorithm. We show 
how we can then gain a considerable saving in computing time by employing a diffusion 
equation as a charge spreading mechanism. 

The effect of employing the algorithm with an accuracy less than that typically tolerated in an 
Ewald summation is studied by computing, from an MD simulation of silica, quantities that are 
sensitive to the long range part of the Coulomb interaction. These results are compared to full 
Ewald sum reference simulations and found to be within the statistical error. 

Keywords: Particle-particle particle-mesh; Coulomb interaction; electrostatic interaction; 
parallel algorithms; molecular simulation 

1. INTRODUCTION 

By truncating the interaction potential and using neighbour lists, the 
computational effort required to perform a molecular dynamics simulation 
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370 J. V. L. BECKERS et a!. 

usually scales linearly with the number of particles N .  However, because of 
the long range of the Coulomb potential, such a truncation in a system 
which contains electrostatic charges can lead to incorrect behaviour [I ,  21. 
We therefore need to employ an efficient method to evaluate the full 
untruncated Coulomb interaction and we want it to scale linearly with N ,  to 
make i t  feasible to study large systems. 

The most widely used approach is Ewald’s method, where the long-ranged 
part of the interaction is computed in Fourier space. For most small systems 
(up to lo3 atoms) this method is very satisfactory, but for larger systems we 
run into problems. Even an optimized implementation of the Fourier part 
scales as O(N3I2) [3], and for N larger than lo4 the method becomes too 
time-consuming. For parallel implementations, the Fourier part requires a 
costly global communication over all processors, causing communication 
overhead. 

Several methods have been developed in an attempt to improve on the 
Ewald scaling. The Fast Multipole method (FMM) [4] has complexity C3(N), 
and can be implemented in parallel. The FMM implementations need to be 
thoroughly optimised [5 ,  61 in order to reach competitive performance. 
Writing an optimised FMM code is elaborate, especially for non-cubic cells, 
which is probably why the FMM is less frequently used. There also remains 
some debate over the size of system required before FMM becomes 
competitive with Ewald’s summation [7, 81. 

The particle Mesh Ewald method (PME) is a fast Fourier transform 
(FFT) version of Ewald’s method and was shown to be competitive in the 
regime of N =  104-105 [9, 101. However, the speed of the PME depends on 
the efficiency of the FFT routine which on some distributed memory 
architectures is not always optimal. 

Here we examine the alternative approach of using the particle-particle 
particle mesh method (PPPM) developed by Hockney et al. [ I  11. Our aim is 
to formulate this algorithm in such a way that it can be implemented as 
efficiently as possible on parallel, distributed memory, computers. The only 
part of the original algorithm which does not lend itself to parallel 
implementation is the Fourier transform method used to solve Poisson’s 
equation on a grid. There are, however, other techniques for solving 
Poisson’s equation which are more suitable for parallel implementation, for 
instance iterative relaxation methods. These are not normally competitive 
with Fourier transformation but we describe here how, within the context of 
an M D  simulation, they can be made so. 

If we can achieve this then there is an additional advantage to using 
relaxation methods as opposed to Fourier transformation. They are not 
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ITERATIVE PPPM METHOD 371 

necessarily bound to periodic systems. Non-periodic boundary conditions 
can easily be implemented by restricting the values of the electrostatic 
potential at certain grid points. For example a vacuum or some constant 
dielectric boundary condition could be represented by a plane of grid points 
at constant potential or potential gradient. In contrast, Fourier based 
methods can only be used for periodic systems and for so-called “tin-foil” 
boundary conditions, an ideal metal surface producing mirror images to 
every charge in the system [13, 141. 

Our other aim here is to examine the sources of error in the PPPM 
algorithm. In contrast to the other methods outlined above, there is no 
single parameter which determines the degree of error. Rather, in the PPPM, 
it is a combination of factors. Considering the source of errors leads us to 
suggestea modified version of the charge assignment part of the algorithm, 
which we find makes it feasible to simulate systems with sufficient accuracy 
to reproduce the correct physical behaviour. This point we establish by 
comparing simulations of silica using an accurate Ewald’s summation and 
our PPPM algorithm and examining quantities sensitive to the long-ranged 
part of the Coulombic force. The iterative PPPM method at which we arrive 
has low communication overhead, making it highly suited for computing 
systems that strongly depend on scalability, and is competitive with Ewald’s 
summation for moderate system sizes of a few thousand particles. 

2. METHOD 

2.1. The PPPM Method 

We begin with a brief summary of the PPPM method. This was originally 
developed by Hockney and Eastwood in the early ~ O ’ S ,  and used with small 
variations ever since [6, 101. The Coulomb potential is split up in a short 
range direct interaction part (PP) and a contribution from a mesh (PM). 

j< i 

The advantage of this splitting is that the interaction between particles 
which are close together is still computed essentially directly (and hence 
accurately). This is important when charged atoms are bonded to each other 
in a molecule. 
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312 J .  V. L. BECKERS el at. 

The direct part of the Coulomb energy of a pair of particles i, j separated 
by rii is given by Coulomb’s law minus a correction term: 

where qi is the charge of particle i and E is the permittivity of vacuum. The 
correction E‘ ( I )  is the portion of the interaction already covered by the 
mesh potential, to avoid double-counting of interactions. The direct 
contribution should vanish at the direct interaction cut-off R,, and for 
(riil 2 R, there is only a mesh contribution. The exact form of E C  ( r )  we shall 
come to later (see Eq. 12). 

The mesh potential is obtained by assigning the particle charges to grid 
points and then solving Poisson’s equation on that grid: 

(3) 
1 

V2q5(R) = - - p ( R )  
& 

where p(R) and 4 ( R )  are the charge density and electrostatic potential at 
grid point R. The charge density p ( R )  is defined as the grid point charge per 
grid cell volume: 

where h,, h,, h, are the mesh spacings in dimensions x, y ,  z. The charges 
q ( R )  are obtained by assigning the particle charges to the grid points in two 
steps. In the first step we use a linear charge assignment scheme [l I]. Every 
particle charge qi is distributed over its 8 surrounding grid points, and the 
charge on a grid point R is computed as: 

where W =  W,  W, W, is the weight of a particle at ri on the grid point R: 

A higher order (27 points) assignment scheme has been reported to give 
better accuracy [6]. We have not observed such an improvement in our 
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ITERATIVE PPPM METHOD 373 

implementation, probably because of our use of a second charge assignment 
step. 

In the second charge assignment step the charges are spread out over a 
number of surrounding grid points (typically N 500) to produce a smooth 
total charge distribution. A smooth charge density profile increases the 
accuracy in electrostatic forces and energies because the largest errors are 
made where the gradients in charge density p ( R )  and electrostatic potential 
d ( R )  are large. 

The most straightforward implementation of this second step is to use a 
predefined assignment functionf(1R- Rol). Every charge q (Ro) found in the 
previous step is redistributed over all grid points enclosed in a sphere of a 
radius Rassign, which we set equal to the direct interaction radius R,. 

Where q’ (R)  is the charge assigned to a grid point at  R from q(Ro). There are 
several suitable assignment functions [ 1 11. The linear and Gaussian shaped 
f ( r )  are: 

The M - ‘  normalises the sum off(r) over all grid points within Re to 1 .  We 
found, of these two, the linear function gives best results, probably because 
it is the same form as the assignment function in the first step and does not 
suffer from any small discontinuities. However, the Gaussian distribution 
gave almost comparable results if 0 is set at  RJ3. For reasons which we will 
describe later, we concentrate on the latter. 

The method now proceeds by evaluating the electrostatic potential on the 
mesh (by solving Poisson’s equation, Eq. 3). The particle energy and force 
are computed as weighted sums over the same grid points used in the first 
step of the charge assignment. By using the same weights W (Eq. 6 )  for the 
charge assignment and force evaluation we ensure conservation of 
momentum in the particle dynamics [l I]. 
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314 J. V. L. BECKERS et al. 

We finally need to correct for the mesh potential that a particle is 
experiencing from its own charge distribution, the self-energy. This is a 
constant term per particle given by: 

The correction term E"(It-1) in Eq. 2 for the Gaussian charge distribution is 
given by: 

We note here that the above readily generalises to 
dimensions of the simulation box are non-cubic 

the case where the 
or even fluctuate. 

Application of the method to constant pressure molecular dynamics is in 
principle straightforward. 

2.2. Modifications of the Algorithm 

One may a priori expect that the accuracy of the PPPM algorithm depends 
largely on two parameters - the mesh spacing and the cut-off radius. If the 
cut-off radius is fixed and the mesh spacing decreased then clearly we will 
have a better solution to Poisson's equation for that charge distribution. On 
the other hand, if the mesh spacing is kept constant and the cut-off radius is 
increased then the charge distribution becomes smoother, and the existing 
mesh should again give a more accurate solution. The magnitude of the 
long-range contribution will also become a smaller proportion of the total. 
In order to obtain high accuracy one would therefore like both a fine mesh 
and a charge assignment function with a cut-off R, as large as possible. 
However, the second charge assignment rapidly involves a large number of 
operations. For a fixed mesh spacing it scales as NR: (the first step is 
invariably much faster so we do not consider it further). This second step in 
the charge assignment scheme rapidly becomes the most time consuming 
part of the algorithm if we try to increase R,. Neither is this problem unique 
to PPPM. A similar observation was made by Peterson for PME [9]. 

To somewhat alleviate this problem we have implemented this second step 
in a different way. If, following the first stage of the charge assignment, we 
solve the diffusion equation for a certain number of time-steps, N,, then each 
charge we assigned evolves into a Gaussian of width u = 2(DN,)'I2, where D 
is the diffusion coefficient and we have set the size of the diffusion time-step 
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ITERATIVE PPPM METHOD 315 

to 1. This is just the analytic solution of the diffusion equation starting from 
an initial delta function distribution. We can therefore assign a Gaussian 
charge distribution, but now the number of operations scales as NGR?, 
where NG is the total number of gridponts. 

The diffusion equation is implemented as (for cubic grids): 

where the RNN are nearest neighbour grid points. This is a relatively crude 
diffusion scheme, but is adequate for our purposes here. There is an upper 
limit for the value of the diffusion constant D of (1/6) [12]. However, a 
certain minimal number of steps is required (20 or so) for the Gaussian to 
evolve, so, in practice, D is taken to be less than the maximal value 
(otherwise the cut-off radius actually becomes too large). If the direct 
interaction cut-off is set at 3a, the discontinuity at the cut-off is very small 
and an acceptable level of accuracy in forces and energies is obtained (see 
Section 3.3). 

Using this scheme we have found it possible to use much larger cut-off 
radii than would otherwise have been practical. The importance of this we 
address later. In general the diffusion scheme was found to be about four 
times faster than the direct assignment scheme, and result in a factor of three 
gain in CPU time, for the parameters used in our MD simulations. 

Our second modification to the algorithm is to use a simple iterative 
successive over-relaxation technique (SOR) as opposed to the Fourier 
transformation method originally used. As we noted before, this approach is 
not normally competitive, but if it could be made so, it would offer some 
benefits. This can be achieved by taking advantage of the information 
available in a typical molecular dynamics simulation, i.e., the solution from 
the previous time-step, to obtain a good starting point for the iteration. If 
we can provide a good enough initial guess so that the number of iterations 
required to converge is small (strictly such that solving Poisson's equation is 
not the most time consuming part of the algorithm) then we can conclude 
that the method is adequate. 

The iteration scheme we use is a standard SOR type [12], using odd-even 
ordering of grid points. The potential 4(R) is updated according to: 

+ V24(R)o'd 
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376 J.  V. L. BECKERS et al. 

until the absolute error per grid point is smaller than a threshold value. We 
found that a tolerance of 0.0001 V/A2 per grid point suffices, further 
iteration has no effect on the accuracy in particle forces, because space 
discretisation becomes the main source of errors. 

The usual practice is to vary the overrelaxation parameter w during the 
iteration using the Chesbyshev acceleration procedure. This guarantees that 
the residual error always decreases. However, if we use the solution from the 
previous M D  time-step as a starting point for the iteration, then the distance 
from the solution is so small that the optimal overrelaxation parameter 
(which can be determined from the spectral radius of the mesh [12]), gives 
the best convergence. 

The starting values for electrostatic potential 4(t) in the SOR iteration can 
be further improved by storing several solutions from previous time-steps 
and using them in a Taylor prediction: 

A better starting value for 4(r) will reduce the number of iterations required 
to reach a solution to within acceptable error bounds. However, the 
contribution of the Taylor terms to $ ( r )  decrease with the order of the term. 
Their significance drops to zero at the point where the accepted iteration 
error in 4(t) becomes larger than the Taylor term. We found that for our test 
simulations only the first order expansion gives a better prediction, and, 
even in this case, a test for significance was required. 

If only the zeroth order prediction (i.e., the previous solution) is used, the 
fast moving particles can be accelerated by the remaining image of their own 
potential from the previous time-step. This effect tends to heat up the system 
and it can be suppressed by iterating to smaller error per grid point. More 
simply, the efect can be completely avoided by using a first order Taylor 
prediction. 

3. RESULTS 

The iterative PPPM algorithm was implemented in existing molecular 
dynamics code and run on Intel 860 and SGI R5000 processors, the latter 
being about four times faster. The systems under study are liquid and solid 
S O z  and we use the Vashishta [I51 three body potential, where the atom 
charges are fixed at 1.6 e (silicon) and -0.8 e (oxygen). 
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ITERATIVE PPPM METHOD 371 

3.1. Scaling 

For our test simulation of solid and liquid silica we found that between 3 
and 5 iteration steps per MD time-step are needed using a first order Taylor 
expansion for the iteration starting point. This number of iterations depends 
slightly on temperature and length of the MD time-step but not on the 
system size. All other steps in the algorithm scale linear either with the 
number of particles or with the number of grid points. This implies that we 
have an overall order O(N)  process. Figure 1 shows linear scaling with the 
number of particles for systems of vitreous silica (SO2) of equal density. 
Deviations from the ideal straight line are due to the fact that the space must 
be filled with an even number of grid points in each dimension, which causes 
small variations in mesh spacing. Note that solving Poisson’s equation, 
using the modified SOR we described, is a small proportion of the total time. 

The dashed line shows the O(N3/2 )  scaling of our Ewald implementation 
at comparable accuracy. It is estimated that further optimisation of the 
Ewald code could gain some CPU, up to a factor of 2, but it is clear that 
from lo4 atoms the PPPM method is always faster. 

3.2. Parallel Speedup 

Parallel implementation on distributed memory architectures of the iterative 
PPPM method is very straightforward. The usual domain decomposition of 
the computational box in subdomains can be mapped directly onto the mesh 
decomposition. Every processor computes the time evolution of a 
subdomain and the associated part of the mesh. Information from other 
processors is obtained by communication routines. For message passing 

0 

Number d atoms 

FIGURE 1 CPU time on single 860  processor as a function of number of particles. 
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378 J. V. L. BECKERS et al. 

implementations it is convenient to use halo’s of overlapping grid points, 
which represent data on neighbouring processors. The halo’s act as buffers 
at stages where data is sent over. The communication for PPPM involves a 
summation of charge densities after a charge assignment step and a copy of 
updated electrostatic potential after each half-sweep of the SOR scheme. 
For both communication steps the halo’s need to be only a few grid points 
wide, which means that only neighbouring processors need to communicate 
and that the messages are small. 

We have tested the PPPM method on a distributed memory linear 
processor array, DEMOS (Delft Molecular Dynamics Simulator), for 
configurations from one to eight boards and found close to ideal speedup. 
Figure 2 is a log-log plot of the CPU time per MD time-step as a function of 
the number of processors. The straight line gives the slope for ideal speedup. 

3.3. Accuracy 

The average error in the electrostatic force on a particle is defined as the root 
mean square deviation from a high accuracy Ewald’ result: Af= ((I/  
N)Ci(Af,)2)”2 [9]. As we suggested, this error depends on both the 
resolution of the mesh and on the width of the charge assignment function. 
Figure 3 shows the force errors for a system of amorphous silica with atoms 
bearing charges -0.8 e and 1.6 e. The rms deviation in Coulomb energy per 
particle is shown in Figure 4. For both forces and energies the largest errors 
that occur are roughly 3 times larger in magnitude than the averages. The 
mesh spacing determines the accuracy of the potential gradients, directly 

..1 
10 

Number of processors 

FIGURE 2 CPU time per MD step I to 8 i860 processors, system of 9000 charged atoms. 

’ Ewald parameters: R, = 6.0& K,= 1.8k’, a ~ ~ ~ l d  = 20. giving Af < 0.002 eV/A. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
0
8
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



ITERATIVE PPPM METHOD 

0.20 

0.15 - * 
2 - g 0.10 

i 
9 

0.05 

0.00 

319 

. . . . . , . . - 

--- q=*r 
--. 9 = 5% 

. - q=* 

. // 

/--- /#.----y 
' *IcO-- ,-- -*-- >---.-----: _..-.-. --*-.-CC 

_ / H O  
c- 

*-*- 
c- 

_.-.- 

0.20 

0.15 

% - 
E 0.10 

1 
0.05 

0.00 

. , . . . . - , 
/HA 

, - - -RdA ~ ...... 9.a ,/ 
. -&=a / M O  

. _/ 

, /  

- ""_"._.L*--.". 

#/* 

04 /: 
/---- ./* 

./- /#.-'-- -./.*-- 

.C-- 

- 

related to the long range part of the Coulomb forces. At large distances the 
gradients are small, and a mesh spacing of 1 A will give sufficient accuracy. 
The largest errors occur at short distances ( < 5 4  where the gradients in 
charge and potential field are substantial. Increasing the width of the charge 
assignment smooths the charge distribution and includes more interactions 
in the direct contribution. As Figures 3 and 4 show, increasing the cut-off 
radius actually gives a proportionally bigger reduction in the errors than 
reducing the mesh spacing. It was for this reason that we concentrated 
earlier on the problem of assigning broad charge distributions. It is also 
interesting to note the following. The diffusional charge assignment scheme 
does not explicitly depend on the number of particles. If the number of 
particles is increased, but the number of grid points kept constant, the long 
range force algorithm takes essentially the same amount of CPU time. 
However, as the mesh spacing increases there is a drop in accuracy. At the 
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380 J .  V. L. BECKERS et 01. 

same time the cut-off radius also increases and the decrease in accuracy 
resulting from the increased mesh separation is more than compensated for 
by the improved accuracy coming from the increase in the cut-off radius. 
This means that, up until the point where calculating the direct contribution 
itself becomes significant, the number of particles in the simulation can be 
increased, and the accuracy remains at worst constant. 

Figures 3 and 4 indicate that in the limit of RJ 00 and h,l 0 the errors fall 
to zero and the method is exact. However, it is also clear that if higher 
accuracy is required (less than 0.01), then the method will only be 
competitive for very large systems. With this in mind, we have performed 
M D  simulations to see whether, with this level of error, the effect of the 
long-range part of the electrostatic potential can still be accurately captured. 
In a typical simulation we used values R, M 6A and h, z 1 A, and the errors 
will be substantial. A A j  of 0.05 eV/A corresponds to about 2 % error in 
electrostatic forces, which is more than generally accepted in M D  
simulations [16]. In the next section we will examine whether the simulation 
results are affected by these errors. 

3.4. Simulations 

We have tested the PPPM method on several systems of solid and liquid 
Si02 by comparing the results to reference runs using Ewald's method for 
evaluation of Coulomb interaction2 

At interaction cut-off 6,OA and mesh spacing l.OA the PPPM method 
produced total energies deviating from the Ewald result by more than 46 eV 
(system of 576 atoms, Coulomb energy = -4300 eV). However, if we look 
at the relative total energies, or the difference in energies between several 
structures (molten, glass, quartz) we find an accuracy of 2.9 eV, which is less 
than 0.1% of the total Coulomb energy. This indicates that much of the 
error in total energy is actually a constant term and thereby irrelevant to 
most simulation results. 

For the influence of errors in electrostatic forces we investigated several 
functions that are often used as output of M D  simulation studies. Radial 
distribution, velocity autocorrelation, and structure factor were all 
reproduced well, but a simple accordance between PPPM and Ewald results 
is not a valid proof for the correctness of the PPPM method, because these 
functions might not depend strongly on the long range interaction. Indeed a 
simulation where we neglected the Fourier part of the Ewald sum, to leave 

'Ewald parameters: R,= 6.O& K,  = 0.4A (LEwald = 9.12, giving ~ f <  evjA. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
0
8
 
1
4
 
J
a
n
u
a
r
y
 
2
0
1
1



ITERATIVE PPPM METHOD 38 1 

0.0010 

--- Hall Ewald 

0.0005 

Y 
0 
U 
0 

0.0000 

-0.0005 
0 100 200 300 400 500 

time (fs) 

FIGURE 5 Current autocorrelation function [eV2ifs '1, simulation using PPPM, half Ewald 
(screened cut-off), and full Ewald method for Coulomb interactions. The error bars on the 
PPPM curve represent statistical error (2c, determined from multiple runs) for all curves. A 
simulation where we used a non-screened cut-off at 6A resulted in very deviant behaviour, we 
do not show it here. 

only a screened cut-off potential ( a ~ ~ ~ ~ ~  = 5.5) in real space produced the 
results equally well. 

A function that is more likely to depend on the long range part of the 
Coulomb interaction is the total current autocorrelation function (CACF) 
(definition in Appendix). We investigated the CACF for a system of solid 
silica at 2000 K using a potential proposed by Tsuneyuki [17], where the 
atomic charges are larger (2.4 e and - 1.2 e) than in the Vashishta potential 
and a three body, term is absent. For this system the full Ewald CACF 
deviates clearly from the half Ewald result, where only the real space part is 
included as a screened cut-off at 5A as shown in Figure 5 .  Apparently this 
CACF is very sensitive to the long range part of the Coulomb interaction, 
which makes it a proper test for our PPPM method. 

It was found that the PPPM method with cut-off 6A and mesh spacing 1A 
reproduces the CACF to within statistical error from simulations using full 
Ewald sum. Although the PPPM errors are relatively large in absolute value, 
they occur non-systematically and there are no discontinuities in the 
potential so they should average out for a large part. 

4. CONCLUSION 

The iterative PPPM method can be made competitive with other well known 
methods used in MD simulations of Coulombic systems, especially if one 
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considers its linear scaling with the number of particles and relative ease of 
coding. For parallel implementations the iterative Poisson solver has a clear 
advantage over Fourier based methods, especially in environments that have 
a high cost on global communications. Interprocessor communication for 
the iterative PPPM is low and can be limited to neighbouring processors, 
which is very important for special purpose computers like DEMOS. We 
note however that Fourier based methods do have certain advantages. For 
instance assigning broad charge distributions in Fourier space is much less 
problematic. The iterative approach does, however, have the additional 
advantage of greater flexibility - it is not limited to periodic systems. 

Molecular dynamics test simulations of silica using the PPPM method for 
the Coulomb interactions produced the correct physical behaviour even with 
an accuracy in forces which was relatively low. This indicates that the PPPM 
method captures the essential features of the Coluomb interaction, in 
particular those associated with the long range tail, and that the relatively 
high level of error has little systematic effect. 
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APPENDIX 

Molecular Dynamics Parameters 

All simulations were done in a constant volume box and temperature was 
kept around a preset value by soft scaling of particle velocities every 100 
time steps. A velocity Verlet time integration scheme was used with a time- 
step of 1.0 fs. The system consists of 576 atoms in a box of (21 A)3, except 
where indicated otherwise. 

Current Autocorrelation Function 

The autocorrelation function of the electrostatic current J(t) is defined as 
1161: 

CACF(t) = N-2(J(t)  . J(0 ) )  
N 

J ( t )  = &Yi(t)  
i=O 

During the run of 40,000 time-steps the J(0) is computed every 20 steps. The 
CACF is then computed for 400 stored values of J(-t)  and subsequently 
J(0) is stored itself. 
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